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In this paper, we study the magnetic orders of two dimensional correlated topological insulators
including the correlated Chern insulator and the correlated Z2 topological insulator at finite temper-
ature. For the 2D correlated Chern insulator, we found that thermal-fluctuation-induced magnetic
order appears in the intermediate interaction region of the correlated Chern insulator. On the con-
trary, for the correlated Z2 topological insulator there doesn’t exist the thermal-fluctuation-induced
magnetic order. In the end, we give an explanation on the difference.
PACS numbers:
In recent years, the physics community has witnessed
a series of exciting discoveries. Among them, topologi-
cal insulator (TI) is quite impressive and has become a
rapidly-developing field. As the first example, the integer
quantum Hall (IQH) effect is a remarkable achievement
in condensed matter physics[1, 2]. To describe the IQH
effect, the Chern number or so called TKNN number, C,
is introduced by integrating over the Brillouin zone (BZ)
of the Berry field strength [3]. So, this type of topological
insulator with IQH effect is called the Chern insulator.
Recently, a new class of topological insulator with time-
reversal symmetry is discovered with the quantized spin
Hall effect[4, 5]. To label this class of TI, Kane and Mele
proposed a Z2 topological invariant[4]. So, it is called Z2
topological insulator. For all these TIs, thermal fluctua-
tions will wash out their topological features. Therefore,
to observe the topological properties in a TI, low temper-
ature is necessary condition. In addition, people studied
the correlated Chern insulator[8–10] and the correlated
Z2 topological insulator[11–17] at zero temperature by
using different approaches and found they have much dif-
ference properties.
On the other hand, in condensed matter physics, peo-
ple have found different types of (long range) orders
(magnetic order, superconducting order, etc.). To de-
scribe these ordered phases, different local order param-
eters are defined. In general, thermal fluctuations will
destroy the long range orders and drive the system into
a disordered phase. In Landau’s theory, the phase tran-
sition between an ordered phase and a disordered phase
is always accompanied by symmetry breaking.
In this paper, we will study the two dimensional (2D)
correlated topological insulators including the correlated
Chern insulator and the correlated Z2 topological in-
sulator at finite temperature. For the 2D correlated
Chern insulator, the ground states can be a new type
of topological quantum state - topological spin-density-
wave (TSDW) state[9]. An interesting issue is the prop-
erties of TSDWs at finite temperature. In particular, we
found that thermal-fluctuation-induced magnetic order
appears in the intermediate interaction region of the cor-
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related Chern insulator. On the contrary, for the corre-
lated Z2 topological insulator there doesn’t exist TSDW
and the thermal-fluctuation-induced magnetic order.
The correlated Chern insulator : Firstly we study the
properties of the 2D correlated Chern insulator, of which
the Hamiltonian is[8–10, 18]
H = HH +H
′ + U
∑
i
nˆi↑nˆi↓ − µ
∑
〈i,σ〉
cˆ†iσ cˆiσ + h.c. (1)
where HH is the Hamiltonian of the spinful Haldane
model on a honeycomb lattice which is given by
HH = −t
∑
〈i,j〉,σ
(
cˆ†iσ cˆjσ + h.c.
)
− t′
∑
〈〈i,j〉〉,σ
eiφij cˆ†iσ cˆjσ .
(2)
Here t and t
′
are the nearest neighbor (NN) hopping and
the next-nearest neighbor (NNN) hopping, respectively.
There exists a complex phase φij into the NNN hopping
which is set to be the direction of the positive phase
clockwise
(|φij | = pi2 ). H ′ denotes an on-site staggered
energy which is H ′ = ε
∑
i∈A,σ
cˆ†iσ cˆiσ − ε
∑
i∈B,σ
cˆ†iσ cˆiσ. U is
the on-site Coulomb repulsion strength. 〈i, j〉 and 〈〈i, j〉〉
denote two sites of the NN and the NNN links, respec-
tively. nˆi↑ and nˆi↓ are the number operators of electrons
with up-spin and down-spin respectively. µ is the chem-
ical potential and µ = U/2 at half-filling for our concern
in this paper.
For free electrons, U = 0, we can see that there ex-
ist energy gaps ∆f1, ∆f2 near the two Dirac points
k1 = − 2pi3 (1, 1/
√
3) and k2 =
2pi
3 (1, 1/
√
3) as ∆f1 =∣∣2ε− 6√3t′∣∣ and ∆f2 = 2ε+ 6√3t′, respectively. There
exist two phases separated by the phase boundary ∆f1 =
0: the Chern insulator with Chern number C = 2 and
the normal band insulator (NI) state. In the Chern insu-
lator, due to the quantum anomalous Hall (QAH) effect
with a quantized (charge) Hall conductivity σH = 2e
2/h,
we denote the Chern insulator by ”QAH”.
Mean field approach: With the increasing of the inter-
action, the correlated Chern insulator is unstable against
an antiferromagnetic (AF) spin-density-wave (SDW)
which is described by
〈
cˆ†i,σ cˆi,σ
〉
= 12 [1+(−1)iσM ] where
the local order parameter M is the staggered magnetiza-
tion. We set σ = +1 for spin up and σ = −1 for spin
down.
2FIG. 1: (color online) The phase diagram of the corre-
lated Chern insulator at finite temperature for the case of
t′/t = 0.15, ε/t = 0.15. There exist four phases: C = 2
Chern insulator, A-TSDW, B-TSDW and trivial AF-SDW.
The color shows the energy gap of the electrons.
Using the mean-field approach, we can obtain the self-
consistent equation for M by minimizing the free energy
at finite temperature in the reduced Brillouin Zone (BZ):
1 =
1
NsM
∑
k
[
ξ
′
k + ε+∆M
2E1,k
tanh(βE1,k/2)
− ξ
′
k + ε−∆M
2E2,k
tanh(βE2,k/2)] (3)
where Ns is the number of unit cells, β = 1/kBT and
∆M = UM/2. Then the energy spectrums of elec-
trons are E1,k =
√
(ξ
′
k + ε+∆M )
2 + |ξk|2 and E2,k =√
(ξ
′
k + ε−∆M )2 + |ξk|2 where
ξk = t
√
3 + 2 cos (
√
3ky) + 4 cos (3kx/2) cos (
√
3ky/2)
(4)
ξ
′
k = 2t
′(sin(
√
3ky)− 4 cos(3kx/2) sin (
√
3ky/2)).
Phase diagram at finite temperature: To determine
the phase diagram at finite temperature, there exist two
types of phase transitions: one is the ”magnetic” phase
transition that separates the magnetic order state with
M 6= 0 and the nonmagnetic state with M = 0 (solv-
ing the Eq.(3)), the other one is the ”topological” phase
transition that is characterized by the condition of zero
fermion-energy gaps, ∆f =
∣∣−6√3t′ + 2ε± 2∆M ∣∣ = 0
(see the black lines in Fig. 1). In Fig. 1, the colors
show the energy gap of the electrons. After determining
the phase boundaries, we get the phase diagram at finite
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FIG. 2: (color online) The staggered magnetization M via the
temperature at different interaction strength U/t for the case
t′/t = 0.15, ε = 0.15t.
temperature in Fig. 1 for the parameters of t′/t = 0.15,
ε = 0.15t.
From Fig. 1, we can see that for the 2D correlated
Chern insulator there exist four phases: Chern insulator
(QAH), A-TSDW (TSDW with Chern number C = 2),
B-TSDW (TSDW with Chern number C = 1) and triv-
ial AF-SDW. The Chern insulator exists in the weak-
interaction region. With the increasing of U/t, the sys-
tem turns into A-TSDW state. After the electron’s en-
ergy gap is closed at one Dirac point, the system turns
into B-TSDW state. With the interaction strength fur-
ther increasing, the electron’s energy gap is closed at an-
other Dirac point and the system turns into a trivial AF-
SDW state.
In the phase diagram, we find an interesting phe-
nomenon: the thermal-fluctuation-induced magnetic or-
der. From Fig. 1, there exists a magnetic order at finite
temperature for about U/t = 3.5 during the temperature
T/t = 0.1 ∼ 0.5[19]. In Fig. 2, we plot the staggered
magnetization M with the increasing of temperature via
the interaction strengths U for the case of t′/t = 0.15,
ε = 0.15t. From Fig. 2, we can see that at U/t = 3.5 (the
black line), the staggered magnetizationM is zero at low
temperature. But at higher temperature, the staggered
magnetization M becomes nonzero and has the maxi-
mum value at T/t ≃ 0.25 and then with the further
increasing of temperature the staggered magnetization
M becomes smaller and smaller down zero. Thus, this
magnetic order at finite temperature is assisted by the
thermal fluctuations.
Let’s give a brief explanation on the existence of the
thermal-fluctuation-induced magnetic order. At zero
temperature, the density of state (DOS) inside the energy
gap vanishes. At finite temperature, due to the thermal
fluctuations, the density of state (DOS) inside the energy
gap increases that may help the establish the magnetic
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FIG. 3: (color online) The density of state (DOS) at different
temperatures for the case of U/t = 3.5, t′/t = 0.15, ε = 0.15.
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FIG. 4: (color online) The energy gap of electrons via the
temperature for the case of t′/t = 0.15, ε = 0.15t.
order. In Fig. 3, we plot the DOS at different temper-
atures for the case of U/t = 3.5, t′/t = 0.15, ε = 0.15t.
From Fig. 3, We can see that with the increasing of the
temperature, at first the magnetization increase, then the
gap of the system becomes smaller; when the tempera-
ture further increase, the magnetization decreases, then
the gap of the system becomes bigger again. This result
is confirmed by the results of the energy gap in Fig. 4(a)
at U/t = 3.5. In Fig. 4(b) and (c), we also give the energy
gap for U/t = 3.65 and 4.0 for different temperatures for
the case of t′/t = 0.15, ε = 0.15t.
The ”topological” phase transition at finite tempera-
ture: A related issue is about ”topological” phase transi-
tion at finite temperature. To check whether there exists
true topological phase transition at finite temperature,
we calculate the Hall conductivity and the special heat.
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FIG. 5: (color online) The Hall conductivity σH via the in-
teraction for the case of t′/t = 0.15, ε = 0.15t at different
temperatures.
We use the Kubo formula to derive the Hall
conductivity[20], σH = limω→0
i
ωQxy (ω + iδ) where
Qxy (iνm) =
1
Nsβ
∑
k,n
tr[Jx (k)G (k, i (ωn + νm))
Jy (k)G (k, iωn)] (5)
with the current operator Jx/y (k) =
∂H(k)σ
∂kx/y
and
G (k, iωn) is the Matsubara Green function, σ is the spin
index. In Fig. 5, we show the Hall conductivity σH
via the interaction strength U at different temperatures
for the case of t′/t = 0.15, ε = 0.15t. At zero tem-
perature, we can use the Hall conductivity to character-
ize the topological properties of the system. There exist
three plateaus of the Hall conductivity: σH = 2e
2/h in
the Chern insulator (QAH) and A-TSDW, σH = e
2/h in
B-TSDW, σH = 0 in trivial AF-SDW. At finite tempera-
ture, the situation changes. From Fig. 5, we can see that
at finite temperature, the Hall conductivity σH smoothly
changes with the interaction and the temperature and the
plateaus of the Hall conductivity are smeared out. That
means there is no true ”topological” phase transition at
finite temperature.
In addition we calculate the special heat at finite tem-
perature and also don’t find the true ”topological” phase
transition.
The correlated Kane-Mele model at finite temperature:
Next we study the 2D correlated Z2 topological insulator.
Our start point is the correlated Kane-Mele (KM) model
which is described by[11–17]
H = HKM +H
′ + U
∑
i
nˆi↑nˆi↓ − µ
∑
i
cˆ†i cˆi (6)
where HKM is the Hamiltonian of the KM model which
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FIG. 6: (color online) The phase diagram of the correlated
Kane-Mele model at finite temperature for the case of t′/t =
0.15, ε/t = 0.15. There exist two phases: Z2 topological
insulator with quantized spin Hall (QSH) effect with M = 0
and trivial AF-SDW with M 6= 0. The color denotes the
energy gap of electrons.
is given by
HKM = −t
∑
〈i,j〉
(
cˆ†i cˆj + h.c.
)
− t′
∑
〈〈i,j〉〉
eiφij cˆ†iσz cˆj , (7)
and H ′ denotes an on-site staggered energy which is
H ′ = ε
∑
i∈A,σ
cˆ†iσ cˆiσ−ε
∑
i∈B,σ
cˆ†iσ cˆiσ. Here we set the on-site
staggered energy ε to be 0.15t.
Without the spin rotation symmetry, the staggered
magnetic order is along XY-plane. In this paper we take
a staggered magnetic order along X-direction as an ex-
ample. Now we get the self-consistency equation for M
by minimizing the free energy at temperature T in the
reduced Brillouin zone as
1 =
1
2Ns
∑
k
U
2
{ [1 + ε(∆
2
M + ξ
′2
k )
− 1
2 ]
−E1,k tanh (
βE1,k
2
)
+
[1− ε(∆2M + ξ
′2
k )
− 1
2 ]
−E2,k tanh (
βE2,k
2
)} (8)
where E1,k = −
√
(
√
∆2M + ξ
′2
k + ε)
2 + |ξk|2, E2,k =
−
√
(
√
∆2M + ξ
′2
k − ε)2 + |ξk|2 and ∆M = UM/2.
In the phase diagram of correlated KM model, there
only exists one phase transition: the magnetic phase
transition between a magnetic order state with M 6= 0
and a nonmagnetic state with M = 0 (solving the
Eq.(8)). In Fig. 6, we plot the phase diagram for the
case of t′/t = 0.15, ε = 0.15t. From the phase diagram,
we can see that there exist two phases: the Z2 topo-
logical insulator with M = 0 and trivial AF-SDW state
with M 6= 0. In the Z2 topological insulator, due to the
nonzero Z2 topological invariant, there exists the quan-
tum spin Hall (QSH) effect. In this paper we denote the
Z2 topological insulator by ”QSH”. From Fig. 6, we can
see that the energy gap will be never closed. And there
doesn’t exist the thermal-fluctuation-induced magnetic
order.
Discussion and conclusions : Finally, we discuss why
the properties of the correlated Chern insulator are much
difference from those of the correlated Z2 topological in-
sulator.
For the SDW order in the correlated Chern insulator,
the effective Hamiltonian becomes
H0 = vFp ·α+ (mT +mM + ε)β (9)
where pi = −i~∇i is the momentum operator (i ∈
{x, y}), p2 = p2x+p2y, vF is the Fermi-velocity. There exist
two mass matrices: the mass matrix of the parent topo-
logical insulator mT = 3
√
3t′η3⊗I2 and the mass matrix
from the SDW order mM = ∆M (I2 ⊗ σ3), respectively.
Here τ, σ and η are Pauli matrices that denote the in-
dices of the sublattice, spin, node, respectively. I2 is the
2× 2 unit matrix, and ⊗ represents the Kronecker prod-
uct. The Dirac matrices can be expressed as a set of 4×4
matrices αi = τi⊗I2, β = τz⊗I2. Here we set the on-site
staggered energy ε to be 0.15t. Due to [mT , mM ] = 0,
we have the energy gap of the electrons to be ∆f =
2 |±mT ±mM − 2ε| =
∣∣±6√3t′ ± 2∆M − 2ε∣∣. Thus, the
energy gap from the magnetic order mM competes with
that from the parent topological insulator mT . There-
fore, we call this system the mass-gap-competition. When
we have a small staggered magnetization (or a small
∆M ), the energy gap of the electrons shrinks. With
increasing the staggered magnetization, the energy gap
will eventually close at the critical point ∆f = 0. At fi-
nite temperature, the thermal fluctuations will excite the
quasiparticle and may also smear out the energy gap.
Thus, due to the suppression of the energy gap of the
parent topological insulator, the magnetic order may be
assisted by thermal fluctuations.
For the SDW order in the correlated KM model, the
effective Hamiltonian becomes
H0 = vFp ·α+ (mT +mM + ε)β (10)
where the mass term of the parent topological insula-
tor is mT = −3
√
3t′η3 ⊗ σ3 and the mass term from
the SDW order is mM = ∆M (I2 ⊗ σ1), respectively.
Due to {mT , mM} = 0, we have the energy gap of
the electrons to be ∆f =
∣∣∣∣±2
√
|mT |2 + |mM |2 − 2ε
∣∣∣∣ =∣∣∣∣±
√
(6
√
3t′)2 + (∆M )2 − 2ε
∣∣∣∣. From the Z2 topological
insulator state of the correlated KM model ((6
√
3t′) −
2ε > 0)[4], when there exists the magnetic order along
XY plane, the energy gap of the electrons will definitely
5increase. Therefore, the energy gap will never close in
the magnetic order. Therefore, we call this system the
mass-gap-coexistence. The suppression of the energy gap
of the parent topological insulator will not help the for-
mation of the magnetic order. Thus, there is no thermal-
fluctuation-induced magnetic order in the Z2 topological
insulator of the correlated KM model.
At the end of the paper, we generalize the results in
the correlated topological insulators to a long range or-
der developed in an insulator. For the long range orders
developed in an insulator, there are two different cases:
case I, the mass-gap-competition; case II, the mass-gap-
coexistence. For case I, the mass gap induced by a long
range order mO competes with the mass gap in the par-
ent insulator mT . Now we have [mT , mM ] = 0 and the
energy gap of the system is ∆f = 2 |mT ±mM |. For this
case, there may exist the thermal-fluctuation-induced or-
der. For case II, the mass gap induced by a long range
order mO coexists with the mass gap in the parent insu-
lator mT . Now we have {mT , mM} = 0 and the energy
gap of the system is ∆f = 2
√
|mT |2 + |mM |2. For this
case, there doesn’t exist the thermal-fluctuation-induced
order.
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